Abstract We analyze the effect of the quadrupole component in the mass distribution of a rapidly rotating neutron star on energy release in the boundary layer on the surface of the accreting star and in the accretion disk in the cases where the stellar radius is smaller (or larger) than the radius of the marginally stable circular orbit. We calculate the velocities and trajectories of the particles that fall on the stellar surface from the marginally stable orbit for a low-luminosity accreting source. The corresponding external gravitational field of the star is modeled by a new exact solution of the Einstein equations in vacuum. The parameters of this solution are adjusted by reconciling the numerical data for the radius of the marginally stable orbit and the gravitational redshift of Cook et al. (1994) with the corresponding data in the analytical solution. For various equations of state, we consider 1.4M ⊙ normal sequences and maximum mass normal sequences.
Introduction
The discovery of quasi-periodic oscillations (QPOs) with a frequency 1 kHz from several low-mass X-ray binaries and X-ray bursters has again attracted attention to the detailed theory of disk accretion onto neutron stars with weak magnetic fields. RXTE observations have clearly revealed accreting neutron stars with rotation periods of several milliseconds. There is no doubt that these objects emit through disk accretion, but so far no detailed theory has been developed that would fully explain their observed spectra. For a high luminosity L > 0.05L edd , this problem requires a proper allowance for the inverse effect of radiation pressure on the trajectories of particles and on the shape of the disk and the boundary layer. In the low-luminosity limit L << 0.05L edd , the inverse effect of radiation pressure can be ignored, and we can estimate the relative contributions of the disk and the boundary layer. Below, L edd denotes the critical Eddington stellar luminosity.
In the Newtonian theory of disk accretion onto a nonrotating star with no magnetic field, one half of the gravitational energy of accreted particles is liberated in an extended disk, and the other half converts into radiation and heat in a narrow equatorial layer around the star where the particle velocity decreases from the Keplerian velocity to the velocity of the star's outer layer.
For a rotating star in the Newtonian theory, the maximum energy that can be liberated in the boundary layer is proportional to the square of the difference between the angular velocities of particles in a Keplerian orbit with a radius close to the stellar radius and the stellar angular velocity Ω:
GṀ(1 − Ω/Ω K ) 2 /R. , while the energy released in the disk does not depend on whether the neutron star rotates or not.
Granat, RXTE, and GRO observations of several X-ray bursters have shown that their spectra are highly variable and that hard tails occasionally appear in their spectra up to energies 100 keV. It is tempting to explain such hard tails by the emission from particles that break loose from the last stable orbit and fall on the stellar surface at a great velocity.
These two experimental facts (the discovery of QPOs and of hard X-ray emission from neutron stars) have prompted us to return to the problem that was stated by Sunyaev and Shakura (1986) . These authors pointed out that the neutron-star radius could be appreciably smaller than the radius of the marginally stable orbit. In this case, the accretion disk can extend only to the radius of the marginally stable orbit. The particles with a given energy and a given angular momentum they had in this orbit then fall on the stellar surface and release their energy through nuclear collisions and plasma effects in a layer with a surface density of less than 20g/cm 2 .
Sunyaev and Shakura (1986) calculated the energy release in the disk and in the boundary layer on the stellar surface for a neutron star with negligible rotation. Kluzniak and Wagoner (1985) applied first-order corrections in rotation parameter for particle motion in a gap between the marginally stable orbit and the stellar surface. In this approximation, Hartle and Thorne (1967) found the external gravitational field to be described by the Kerr linearized solution. Miller and Lamb (1996) made an attempt to model the radiation field of a bright thin annulus and estimated the effect of this radiation on particle motion.
The important phenomena, which was n't taken account in previous works, is the oblateness of the fast rotating self gravitating gaseous masses (like Macloren spheroids).
The gravitational field outside a rapidly rotating flattened neutron star differs markedly from the external field of black holes described by the Schwarzschild and Kerr solutions. For the gravitational field of a real star to be determined, the problem as a whole must be solved for a specified equation of state of the neutron star. It is quite clear that the complete formulation can be realized only by using powerful computational techniques and sophisticated numerical methods. The fullest known numerical results can be found in the fundamental paper by Cook et al. (1994) . The tables in this paper give, in particular, the radii of the marginally stable orbit for corotating and counterrotating disks, equatorial radius, gravitational mass, angular momentum, forward and backward redshifts at the edges of the equator as a function of angular velocity of the neutron star for various equations of state of neutron stars (A, AU, FPS, L, M) which were proposed, in particular, by Pandharipande (1971) , Arnett and Bowers (1977) , Friedman and Pandharipande (1981) , Lorenz et al. (1993) , and Wiringa et al. (1988) . The stellar rest mass was fixed: for normal sequences, it was chosen so that the stellar gravitational mass was equal to 1.4M ⊙ in the static limit; for maximum mass normal sequences, it was chosen from the condition that stability be lost in the static limit. The results of Cook et al. (1994) were in agreement with the previous numerical results of Friedman et al. (1986) .
In contrast to Sunyaev and Shakura (1986) , Kluzniak and Wagoner (1985) , and Miller and Lamb (1996) , we use a global analytical approximation of the metric of the external field of a rapidly rotating neutron star by an exact solution of the Einstein equations in vacuum, which is entirely specified by the stellar mass M, its angular momentum J, and the quadrupole moment of the mass distribution b (the multipole moments are defined in Sect. 3). For b = 0, this solution transforms to the Kerr solution. We determined the dependence of the quadrupole moment b on the dimensionless rotation parameter j = cJ/Gm 2 for a given equation of state by comparing the analytically calculated radius of the marginally stable orbit with the numerical data of Cook et al. (1994) . It turned out that there were essentially no multipole moments higher than the quadrupole in the external gravitational fields of rotating neutron stars.
The stellar rotation parameter cannot be greater than the critical value j cr at which the particle velocity on the stellar equator is equal to the Keplerian velocity at the same radius, because, in this case, centrifugal forces begin to strip matter off the star. On the other hand, Keplerian orbits are stable only if their radius is greater than the radius of the marginally stable orbit of corotating particles (this radius is less than or equal to 3r g ). At critical values of the rotation parameter, the equatorial radius of a compact star is equal to the radius of the marginally stable Keplerian orbit. In this case, the region of free fall of accreted matter disappears. For 1.4M ⊙ normal sequences, the stellar equatorial radius can be smaller than the radius of the marginally stable orbit only for relatively soft equations of state (EOS A, AU, FPS); the softer is the equation of state, the greater is j cr (j cr = 0.4 for EOS A, j cr = 0.24 for EOS FPS ).
In hundreds of millions (or maybe even billions) of years, accretion onto a neutron star can increase its mass up to a maximum possible value which becomes unstable in the static limit. For maximum mass normal sequences, the region of free fall of accreted matter exists for all equations of state; the critical rotation parameter is approximately equal to 0.65 for the equations of state we considered (EOS A, AU, FPS, L). For maximum mass normal sequences, the external gravitational field differs only slightly from the Kerr field, while for 1.4M ⊙ normal sequences, the deviation from the Kerr solution is significant.
The case of a corotating disk in binary systems is natural, because the accreted matter transfers its angular momentum to the star, forcing it to rotate in the same sense. However, the case of a counterrotating disk is also possible: if a binary system in a globular cluster undergoes a strong interaction (a collision) with a third star, it can knock one of the stars out of the binary and form a new pair with the remaining star in which the rotation of the disk is opposite to that of the neutron star.
For particles that rotate in Keplerian orbits in the sense opposite to the stellar rotation (counterrotation), the radius of the marginally stable orbit (greater than 3r g ) matches the stellar radius at j = j cr− . We assign the minus sign to j for a counterrotating disk. For maximum mass normal sequences |j cr− | ≈ j cr .
Thus, we make an attempt to estimate the effect of realistic gravitational fields outside rapidly rotating neutron stars on energy release (we derive explicit formulas for them) when the accreted matter falls on the stellar surface for some equations of state of neutron stars. To this end, we systematically use the exact solution of the Einstein equations which describes the gravitational field of a rapidly rotating object with a quadrupole mass distribution (see Sect. 3 and Appendix 1). Here, we restrict our analysis to 1.4M ⊙ normal sequences in the static limit and to maximum mass equilibrium sequences. Using the above solution, we study: (i) the luminosities of the accretion boundary layer on the stellar surface and the entire disk; (ii) the dependence of the radial and azimuthal velocity components of the particles at the stellar surface when they fall from the marginally stable Keplerian orbit; and (iii) the dependence of the radius of the marginally stable Keplerian orbit and of the gravitational redshift on dimensionless rotation parameter (see Sect. 1 and 3). For comparison, we give simple relations for the above functions when modeling the stellar external field by the Kerr solution in Sect. 2. Of course, we recognize that radiation begins to affect appreciably the dynamics of accretion at a high luminosity. Below, we provide our model results for luminosities from the accretion boundary layer that are much lower than the Eddington luminosity.
1. Formulation of the problem for an arbitrary external axisymmetric field of a rotating neutron star Space-time is stationary outside a rotating neutron star with axial symmetry, and its metric in the system of coordinates constructed on the orbits of Killing's vectors takes the form (Weil and Papapetru):
Here ρ, z are the Weyl coordinates, for which takes place g 2 0φ −g 00 g φφ = ρ 2 . Using the functions f, ω we can introduce the single complex valued function-Ernst potential E ≡ f + iψ where the function ψ is defined by Einstein equation
Here for convenience the operators of divergeance and of gradient ∇·, ∇ in the cilindrical coordinates of the 3D euclidean space are defined.
From Enstein's equations in vacuum, Ernst (1967) derived the equation :
for which there is an efficient method of solution using a linear integral singular equation with a Cauchy-type kernel (Sibgatullin 1991) .
The free particles move along geodesics, conserving their energy and angular momentum (due to the symmetry properties of the background geometry):
Let us assume that the field is symmetric about the equatorial plane (this hypothesis can be proved in the Newtonian formulation; see Lamb 1947) . For the radial component of the 4-velocity vector of a particle moving in the equatorial plane, we then obtain from (1.2)
1.1. The equation for the radius of the marginally stable keplerian orbit
The circular trajectories in the equatorial plane can be found with the help of the conditions V (ρ) = dV /dρ = 0, from where one can find the energy and the angular momentum of a circularly rotating particle as a function of its radius:
Here dote denotes the derivative with respect to r ≡ ρ 2 .
The radius of the marginally stable orbit can be found with the help of the additional conditionV (r) = 0, or equivalently of the condition of a minimum of energy on the circular orbits. In the explicit form it is
1.2. Energie release in the accretion disc and in the boundary layer
For the determination of the energy, released at the surface of the neutron star due to striking of the particles falling from the accretion disc, let us assume the particles to be at rest with respect to fluid particles in the outer layer of the star after giving back its angular momentum.
4-velocity of the equatorial fluid particle in the coordinate system (1) has the components q(1, Ω, 0, 0) with
The function q is equal to the component u 0 of 4 -velocity.It should be emphasized that angular velocity Ω is constant everywhere in the star for the case of its uniform rotation.
The energy per unit mass of such fluid particle is equal
Let us assume that the kinetic energy of the falling particles relative to the fluid particles on the stellar surface completely transforms into radiation. In the Newtonian approximation, in which particles fall on the stellar surface from the Keplerian orbit, the emitted energy is 1/2GM(1 − Ω/Ω K ) 2 /R. Indeed, the laws of conservation of energy and angular momentum for a neutron star when an accreted particle with a small mass m falls from a circular orbit on the stellar surface are
where l s is emitted energie. The change of the moment of inertia I is equal δI = kmR 2 . The coefficient is k = 1, if the particle remains in the boundary equatorial layer due to centrifugal forces. A more plausible assumption is that the accreted matter spreads over the stellar surface, causing the coefficient k to decrease. For example, k = 2/3 for the spread over the surface of a sphere and k = 2/5 for a uniform mixing of the accreted matter within a sphere. It thus follows from the law of conservation of energy that IδΩ = mR 2 (Ω K −kΩ). Therefore, the change in the kinetic energy is equal δ(
Hence, the formula for the emitted energy when a particle falls from a Keplerian orbit to the surface is l s = mR
In what follow we assume the coefficient k to be equal to 1.
In general relativity, if the stellar radius is greater than the radius of the marginally stable orbit, the corresponding formulas for the luminosity from the accretion boundary layer on the stellar surface and from the entire disk surface are:
where mc 2 E 0 is the energy of the particle lying on the star surface, given by formula (4) and F ≡ (1 − Ω(p + ω))qE. Here, we use the fact that the scalar product F of the 4-velocity of the particle in a Keplerian orbit with the components E((1 + f 2 ωp/r)/f, f p/r, 0, 0) and the 4-velocity of the particle on the stellar surface has the meaning of energy of a particle in a Keplerian orbit in a tetrad that is fixed relative to the surface of a rotating star.
When the radius of the marginally stable circular orbit is greater than the stellar radius, the energy emitted by the falling particles from the boundary layer per unit time is given by
Here mc 2 E * is the energy of the particle on the marginally stable orbit.
The gravitational energy emitted from the entire disk (bounded by the last marginally stable orbit in this case) is
In general relativity, the rate of increase of the stellar mass is given by
Here, E has the meaning of energy of a particle in a Keplerian orbit on the stellar surface [see formula (4)]; formula (7) must be used for L s in the first relation. For R < R * (in the second relation), E * is the particle energy in the last stable orbit, and formula (8) must be used for L s . Thus, when calculating the rate of increase of the mass, we must take into account the losses by radiation, which can reach half the rest energy of the accreted particles (see the end of Sect. 3 for a discussion of this problem).
The rate of increase of the kinetic moment in general relativity is given by
The length of the stellar equator divided by 2π is
For this reason, we use below this circumferential stellar radius. In addition, this quantity, which has an invariant geometrical meaning, is used in theoretical studies of equilibrium of rotating neutron stars.
We emphasize that, in stationary and axisymmetric pseudo-Riemann spaces, the notions of energy and angular momentum have an exact meaning, and that the written expressions for the luminosities are given for the radiative energy that goes to pseudo-Euclidean infinity (if we ignore absorption in the disk).
Physical components of the particle's 4-velocity falling in the gap
If the stellar equatorial radius is smaller than the radius of the marginally stable orbit, then the particles in the gap fall on the stellar surface in helical trajectories, conserving their energy and angular momentum they had in the marginally stable orbit. The physical components of the 4-velocity of the particles in a ZAMO (zero angular momentum observer) tetrad that does not rotate relative to a distant observer are given by
Gravitational redshift
Let Z b , Z f be the backward-equatorial and the forward-equatorial redshift. The straightforward calculations gives for the magnitude Z ≡ (1 + Z b )(1 + Z f ) the expression through the metric coefficient f :
1.5. Some remarks Thus, the problem reduces to the choice of an appropriate geometry outside the rotating neutron star. For a global analytical approximation of the results of the numerous numerical calculations in the fundamental paper of Cook et al. (1994) , we treat these data as follows (see Fig. 1 and Tables 1-3). The dimensionless rotation parameter j ≡ cJ/(GM 2 ) (here, c is the speed of light; G is the gravitational constant; and J and M are the angular momentum and mass of the neutron star, respectively) is plotted along the horizontal axis. The dimensionless circumferential radius of the marginally stable orbit is plotted along the vertical axis; we assign the minus sign to j for orbits that rotate in the sense opposite to the disk rotation and the plus sign for orbits that rotate in the same sense.
The treatment of three different theoretical equations of state of neutron stars for normal sequences with a rest mass of 1.4M ⊙ (EOS A, EOS AU, and EOS FPS) yields very close curves. The solid line corresponds to the circumferential radii of the marginally stable orbits in the Kerr solution with various rotation parameters. For the points that correspond to the evolutionary sequence of maximum mass normal sequences (MMNS) of the neutron stars (they are marked by filled triangles), we see a marked deviation from the above series of points for the normal sequences. Remarkably, the points essentially lie on the curve of the Kerr solution for j in the interval (-0.15, 0.15) ; the agreement with the Kerr curve is better for the points of MMNS . For larger absolute values of j, the deviation becomes significant. The deviation from the Kerr geometry is attributable to the appearance of a quadrupole component in the rapidly rotating star which is related to its flattening due to rapid rotation.
The disc accretion in the Kerr field
Here, we use (as the first step and for comparison) the Kerr solution to describe the external geometry. In this case, the above formulas simplify appreciably. In contrast to Kluzniak and Wagoner (1985) , Miller and Lamb (1996) , Ebisawa et al. (1991) , and Biehle and Blandford (1993) , we obtain an explicit parametric representation of the quantities in question for an arbitrary rotation parameter.
The formulas for the energy and momentum of particles (divided by their mass) in circular orbits in the Kerr field are well known (Bardeen et al. 1972 ):
Thus defined variable x is used only in this section. Here, we adopt a system of units in which G = c = 1,ρ is the radial Boyer-Lindquist coordinate in the Kerr metric. The radius of the marginally stable orbit can be determined from the condition of minimum of E as a function of x. We will not express the radial coordinate x of the marginally stable orbit as a function of j (see an explicit formula with cubic radicals in Novikov and Frolov 1986) , because this would lead to cumbersome expressions. Instead, we will consider the coordinate x as a parameter and express all the quantities of interest in terms of this parameter. The expressions for j * , E * and L * corresponding to the marginally stable orbit are
x changes in the interval (1/9, 1/6) for the opposite senses of rotation of the disk and the neutron star and in the interval (1/6, 1) for the same senses of rotation. The corresponding values of j for the former interval are negative.
Note that, in previous studies of disk accretion, the Schwarzschild metric was used with and without the first term of the expansion in j (Sunyaev and Shakura 1986; Kluzniak and Wagoner 1985; Ebisawa et al. 1991; and Biehle and Blandford 1993) . Our formulas (8) in the Kerr metric hold in any order in j, because they are exact. As follows from (4), the stellar circumferential radius is given by
The radial coordinate r, which was introdused in (4), is related to x in the Kerr solution by
In formulas (7)-(9) for the energy release in the entire accretion disk and in the accretion boundary layer, for the metric coefficients in the= equatorial plane and the function p, which is given by (4) and which appears in all formulas for the luminosities, we must substitute their expressions in the Kerr solution:
For the marginally stable orbit, we obtain the following relations for these quantities:
For physical components of velocity in ZAMO tetrad of the particle falling in the gap ( preseving energie and momentum corresponding to the circular keplerian motion on the marginally stable orbit) one can obtain the formulas:
It should be emphasized that the functions V φ , V r , ǫ depending on R are given parametrically by (9), (11-13).
Finally, let us determine the trajectories of the particles that fall from the marginally stable circular orbit of the accretion disk on the stellar surface. To this end, we use the formulas for the first integrals of motion by dividing the expressions for the φ and r components of the 4-velocity by each other (Bardeen et al. 1972; Novikov and Frolov 1986) . We then obtain (by substituting for j, E * and L * their expressions from (8))
Substituting x = x * + t 2 , expanding the right-had part of (11) in elementary fractions, and performing the integration, we can easily derive a slightly cumbersome expression for φ = φ(x) in explicit form. Figure 2 shows the trajectories of the falling particles in the coordinates X ≡ R(x) cos(φ(x))/M, Y ≡ R(x) sin(φ(x)) are used, where, instead of R(x), the expression ( 9 ) should be substituted. The extreme inner points on these spirals lie on the ergosphere.
3. Reconstructing the parameters of a finite-multipole exact solution Einstein equations using numerical results of Cook et al.1994 The external gravitational fields in a stationary axisymmetric case are uniquely specified by Ernst's potential E on the symmetry axis (Sibgatullin 1991 ). Ernst's potential for the Schwarzschild and Kerr solutions in Weil's coordinates is
It is natural to seek the finite multipole solution at the axes of symmetrie in the form
The corresponding solution is symmetric about the equatorial plane, if we additionally require that the coefficients with the even subscript a 2k be real (they are determined by the mass distribution and correspond to the Newtonian multipole moments), and that the coefficients with the odd subscript a 2k−1 be purely imaginary (they are determined by the distribution of angular momentum in the star and have no analog in the Newtonian theory). For this definition of the multipole moments, the Kerr solution is purely a dipole solution, and its higher multipoles are zero. For other definitions of the multipole moments, the Kerr solution has a fairly complex multipole structure (Hansen 1974; Thorne 1980; Kundu 1981; Simon and Beig 1983) . For uniformly rotating stars, the coefficients a 2k−1 are most likely equal to zero for k > 1, with a 1 = a = 0; this coefficient is equal to the ratio of the star's angular momentum to its mass. For the fields outside a rotating neutron star, we assume that a 2n = j 2n (α n 0 + α n 1 j 2 + . . .), where j = a/M is the rotation parameter, i.e., the multipole coefficients are of the order O(j 2n ). Therefore, the contribution of the higher multipole moments a 2n at n > 2 is relatively small, because the rotation parameter varies in the range |j| < 0.65 for realistic equations of state of neutron stars.
Using the method of constructing Ernst's potential in the entire space from its value on the symmetry axis (see Appendix 1), we obtain the solution corresponding to (22)
Here we introduce the notations
The constants ξ k , k = 1, 2n are the roots of the real polynomial of the degree 2n:
the constants a j , j = 1, n are the roots of the denominator of the E on the axes of the symmetry :
The metric coefficient ω is given by formula:
Here
It should be remembered that Im A denotes the imaginary part of A; f is equal to the real part of E.
Here, we consider the important case n = 2 [it is the special case of an exact solution to the system of Einstein-Maxwell equations for a rotating charged mass with quadrupole and magnetic moments found by Manko et al. (1994) ]. For the quantities on the symmetry axis, we then have
The coefficient b can be interpretated as a true quadrupole. The metric coefficients f, ω in the equatorial plane are given by
Let us now calculate the radius of the marginally stable orbit by using formula (26) for the metric coefficients in the equatorial plane. We assume that the rotationally induced higher multipole moments a 2n are of the order O(j 2n ). Therefore, we represent the quadrupole coefficient b as b = j 2 k, where k = α 0 + α 1 j 2 . The constants α 0 , α 1 are to be determined for each fixed rest mass and naturally depend on the choice of a specific equation of state for neutron stars. In this case, it will suffice to use numerical data for the radii of the marginally stable orbits only at two values of j.
Remarkably, all the other points from the numerical calculations fall on the derived theoretical relation between the radius of the marginally stable orbit and the rotation parameter constructed by using equation (5).
Thus, substituting (26) into (5) and finding its root R = R * , we can determine the constants α 0 , α 1 by using the numerical values of R * only at two values of j from Cook et al. (1994) . By considering 1.4 M ⊙ normal sequences for some equations of state , we can adjust theα 0 , α 1 coefficients to fit the realistic numerical data as a whole with 5% accuracy. Note that curve (15) for R * (j)/M, which was constructed from the Kerr solution, differs markedly from the realistic curves for |j| > 0.15. Curiously, the realistic curves for R * (j)/M and the Kerr curve (15), nevertheless, have a tangency of the first order at j = 0. This serves as a good illustration of the remarkable observation of Hartle and Thorne (1967) that the external gravitational field of a slowly rotating star is described by the Kerr metric linearized in rotation parameter. For our purpose, we reduced the data of Cook et al. (1994) for each of the three equations of state (EOS A, EOS AU, EOS FPS) and found that the numerical data of Cook et al. (1994) Tables  1-3 and Fig. 3 with a theoretical dependence R * (j)/M for the quadrupole solution with α 0 , α 1 corresponding to EOS AU and to the numerical results of Cook et al. (1994) . For comparison, the curve that we constructed from the Kerr solution is also shown in this figure. A comparison of the theoretical and numerical gravitational redshifts Z(j) = 1/f (13), where f is the corresponding metric coefficient on the stellar equator, can serve as another independent test of the validity of describing the external field of a rapidly rotating neutron star by the proposed quadrupole solution. Here, we do not have free parameters at all, because α 0 , α 1 were already fixed to reconcile the numerical and theoretical data for the radius of the marginally stable orbit. Substituting the numerical values of the stellar equatorial radius and the corresponding values of j from Cook et al. (1994) into the function f (26) for a given equation of state, we can obtain the function Z = Z(j) for the corresponding normal sequence. It can be verified that the values of Z for the quadrupole solution with the above dependences of the quadrupole moment b(j) differ from the numerical values of Cook et al. (1994) by 0.001 (see Fig. 4 for EOS AU and Tables  1-3 ). For comparison, the curve that corresponds to the Kerr solution is also shown here.
Let us now consider the case of MMNS for EOS A, EOS FPS, and EOS L. The maximum possible mass in the static limit is 1.6541 M ⊙ (the rest mass is 1.9182 M ⊙ ) for EOS A, 1.7995 M ⊙ (the rest mass is 2.1028 M ⊙ ) for EOS FPS, and 2.7002 M ⊙ (the rest mass is 3.229 M ⊙ ) for EOS L (Cook et al. 1994) . The corresponding neutron stars can "survive" only by rotating: they collapse when losing the angular momentum. Remarkably, these sequences have very similar dependences the quadrupole coefficient on rotation parameter: b = 0.53j 2 + 2.45j 4 (EOS A), b = 0.7j 2 + 2.3j 4 (EOS FPS), and b = 0.6j 2 + 2j 4 (EOS L). At these values of the quadrupole coefficient, the difference between the theoretical and numerical radii of the marginally stable orbit is small for the same rotation parameter (see Fig. 5 for EOS A). Note that the difference between the curves for the quadrupole and Kerr solutions is smaller than that for the normal sequences with M = 1.4M ⊙ mentioned above.
Thus, the dimensionless parameters of MMNS with distinctly different rest masses are, nevertheless, very similar. The usefulness of the dimensional theory can be shown for an almost universal dependence of the dimensionless angular momentum (rotation parameter) j = cJ/GM 2 on dimensionless angular velocity W = ΩGM/c 3 . For all three equations of state of state of MMNS the curves j = j(W ) that were constructed by using the numerical data of Cook et al. (1994) are essentially coincident (Fig. 6) . Note that the functions j = j(W ) depend appreciably on the choice of an equation of state for 1.4 M ⊙ normal sequences (Fig. 7) . Below, we show that the dimensionless luminosity from the accretion boundary layer and the physical velocity components of the falling particles on the stellar surface in the ZAMO tetrad as a function of rotation parameter depend only slightly on the choice of an equation of state and are described fairly accurately by the Kerr curves for MMNS.
Using the analytical solution for a fast rotating star with the quadrupole mass distribution to describe the disc accretion
We can now use our results for a realistic description of the external gravitational fields of rotating neutron stars to study the accretion caracteristics (6) and (8)- (11), which are intimately related to the geometry of space-time near rotating neutron stars. Using the stellar dimensionless equatorial radius from Cook et al. (1994) (see Table 1 -3), we can obtain realistic estimates for the rate of energy release and, accordingly, for the luminosity and the physical velocity components of the falling particles in the accretion boundary layer on the stellar surface. Clearly, these parameters depend on the rotation parameter, rest mass, and selected equation of state of neutron stars, because the equatorial radius itself depends on these parameters.
The velocities of the falling particles on the star surface
Let us first consider the dependence of the radial and azimuthal physical velocity components in the ZAMO tetrad of the particles that fall freely to the star from the marginally stable orbit for 1.4M ⊙ normal sequences in the static limit on the neutron-star surface. Here, the difference between the calculations that are based on the realistic quadrupole and Kerr geometries is pronounced (see Fig. 8 for EOS A). The curve V r (j)/c which corresponds to the "softer" equation of state differs by a smaller amount from the Kerr curve than do the curves with the "harder" equations of state, for which this difference is significant. Clearly, it is the radial velocity component that is responsible for the particle penetration deep into the neutron-star atmospheres. However, the azimuthal velocity component of the particles relative to the stellar surface mainly contributes to the energy release in the accretion boundary layer for a counterrotating disk as well. Incidentally, the differenc between the calculated azimuthal velocity component on the surface in the Kerr geometry and the realistic quadrupole component is less impressive than that for the radial velocity component (see Fig. 9 for EOS A). Below, we give quantitative estimates for the maximum radial velocity on the stellar surface (for a counterrotating disk) for the realistic quadrupole geometry: 
Energy Release in the Boundary Layer on the Stellar Surface
Such large velocities of the falling particles on the stellar surface entail a substantial energy release in the accretion boundary layer. Figure 12 shows a plot of the dimensionless luminosity of the accretion boundary layer on the stellar surface L s /Mc 2 against the dimensionless angular velocity for EOS A for a 1.4 M ⊙ normal sequence, and Fig. 13 shows the dependence of the dimensionless luminosity for a MMNS EOS L. Here, the difference between the curves that were constructed in the Kerr geometry and in the realistic quadrupole geometry is small. The luminosity is equal to zero for the critical dimensionless angular velocity W cr , because, in this case, the particle velocity on the stellar surface reaches the velocity in a Keplerian orbit. At the same time, the stellar radius reaches the size of the marginally stable Keplerian orbit. The critical dimensionless angular velocity is given by
In the Kerr metric, we can explicitly express the critical stellar angular velocity in terms of x0 [see formulas (16)]:
This result indicates that, if the radius of a neutron star in the static limit is smaller than the radius of the last stable orbit 3r g , then its angular velocity cannot exceed its critical value, which is given by the above formulas. Note that the dimensionless critical velocity is completely determined by the dimensionless critical stellar angular momentum j cr ; this dependence is universal in the Kerr geometry. In the realistic quadrupole geometry, this dependence depends on the choice of an equation of state. For angular velocities greater than the critical value, centrifugal forces begin to strip the outer layers near the equator off the stellar surface. In the formula for W cr , the functions (26) at r = r * must be substituted for f and g. From this formula, we can derive the universal dependence W cr (j cr ) for a given dependence of the quadrupole moment on the rotation parameter. Since the radius of the marginally stable orbit is greater than 3r g for a counterrotating disk, the stellar equatorial radius increases to the size of the marginally stable orbit at negative values of j cr− that exceed j cr in absolute value. Thus, if the radius of a neutron star in the static limit is smaller than 3r g , then its rotation parameter can vary only in the range |j| < j cr .
It follows from our results that, on the surface of a rotating neutron star, up to 50% of the energy flux from the accreted matterṀ c 2 can be liberated for 1.4 M ⊙ normal sequences and up to 80% of the energy fluxṀ c 2 can be liberated for MMNS of neutron stars. Here, the nature invented the most perfect mechanism for the conversion of total energy of the falling particles (including their rest energy which is given by the Einstein formula E = mc 2 ) into radiation.
For the critical angular velocities of a counterrotating disk, the luminosity from the accretion boundary layer is a factor of 15 greater than the luminosity of the entire disk for EOS A and is a factor of 12 greater for the harder EOS FPS in the case of 1.4 M ⊙ normal sequences. For MMNS, which become unstable in the static limit, the luminosity from the accretion boundary layer can exceed the luminosity of the entire accretion disk by a factor of 20!. Thus, the luminosity from the compact region conspicuously dominates over the luminosity from the extended region. As was already noted above, for all the equations of state we studied, the dependence of the luminosities on the dimensionless angular velocity is the same for MMNS.
Concluding remarks
Studies of the properties of apparent manifestations of neutron stars in general relativity reveals unexpected properties which are lacking in the Newtonian theory. One of such properties is the existence of a region of free fall of the accreted matter from the marginally stable Keplerian orbit (Sunyaev and Shakura 1986) .
Another interesting fact is the relatively simple structure of the gravitational fields outside rapidly rotating neutron stars with relativistic equations of state. As we showed here, the quadrupole solution (see Sect. 3 and Appendix 1) that describes the external fields of these stars provides an excellent fit to the numerical data for the last stable orbit and for the gravitational redshift in the fundamental paper of Cook et al. (1994) , which in turn are in agreement with the numerical studies of other authors.
Our results suggest that the Kerr solution is inapplicable for describing the external gravitational fields of rapidly rotating neutron stars with 1.4M ⊙ in the static limit. Particularly large differences are obtained for the radial velocity components on the stellar surface that were calculated in the Kerr geometry and in the realistic quadrupole geometry.
We showed that the ratio of the luminosities from the accretion boundary layer and the entire disc in the case of counterrotation can reach 12 for normal sequences and 20 for MMNS. These results can be used in interpreting the strong X-ray emission from very compact regions.
We derived theoretical relations between the critical values of dimensionless angular velocity and dimensionless angular momentum when the neutron star become unstable to centrifugal forces.
From the widths of redshifted lines and from the average redshift, we can infer the angular velocity of the neutron star and the gravitational redshift at the stellar equator, respectively. Therefore, we can judge the stellar equation of state from independent observations of these quantities (as we showed here).
kernel of Cauchy type (Sibgatullin 1991) :
Here the integral should be understood in the sense of principal value; e(ξ),ẽ(η) are the analytical extentions in the complex plane by the Riemann procedure of the functions e(z), e * (z) given at the real axes.
For uniformity the solution of (A 1) must fulfill the normalisation condition:
The desired function E(ρ, z) then is expressed in the form:
One can represent the rational function e(z) (22) of finite multipole solution in the form of the partial fractions:
The solution of integral equation (A 1) can be sought in the form:
Having substituted (A 4) in the integral equation (A 1) and equated to zero the coefficients by independant partial fractions one obtains
From (A 2) one gets:
The equations (A 5-6) form a closed system of linear algebraic equations of 2n + 1 order with respect to unknown A 0 , A 1 , . . . , A 2n . According (A 3) the solution E(ρ, z) can be represented as follows
Having substituted the solution of the system (A 5-6) in the (A 7) one obtains the solution, which can be represented in the form of the ratio of the determinants ∆ ± (see formula (23 )).
The coefficient ω in the metric form (1) can be found as follows:
Having substituted µ(ξ) in (A 8) by (A 4) one gets
This expression can be represented in the form (24). Table 2 . EOS AU (1) and (2) correspond to the realistic quadrupole geometry and the Kerr solution, respectively; the dots represent the numerical data of Cook et al. (1994) . parameter for a MMNS with 1.6551 M ⊙ in the static limit and with EOS A. Curves (1) and (2) correspond to the realistic quadrupole geometry and the Kerr solution, respectively. Fig. 6 . The function j = j(W ) for MMNS with EOS A, EOS FPS, and EOS L (curves 1, 2, and 3, respectively). Fig. 7 . The function j = j(W ) for 1.4 M ⊙ normal sequences in the static limit and with EOS A, EOS AU and EOS FPS (curves 1, 2, and 3, respectively). 12 . The luminosity L s from the accretion boundary layer versus the dimensionless angular velocity W for a 1.4 M ⊙ normal sequence with EOS A against the background of a realistic gravitational field for R < R * (curve 1). Curve (2) corresponds to the Kerr solution. Fig. 13 . The luminosity L s from the accretion boundary layer versus the dimensionless angular velocity W for a MMNS with EOS L against the background of a realistic gravitational field for R < R * (curve 1). Curve (2) corresponds to the Kerr solution Fig. 14 The ratio of the luminosities from the accretion boundary layer and the entire disc versus the dimensionless angular velocity W for a 1.4 M ⊙ normal sequence with EOS A against the background of a realistic gravitational field for R < R * (curve 1). Curve (2) corresponds to the Kerr solution. Fig. 15 The ratio of the luminosities from the accretion boundary layer and the entire disc versus the dimensionless angular velocity W for a MMNS with EOS A against the background of a realistic gravitational field for R < R * (curve 1). Curve (2) corresponds to the Kerr solution. 
